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ABSTRACT 

An a n a l y s i s  is  p r e s e n t e d  of two-d imens iona l ,  i s o e n e r g e t i c ,  com-  
p r e s s i b l e  mix ing  of a je t  with a fluid at r e s t  for  both l a m i n a r  and t u r -  
bulent mixing.  The a n a l y s i s  is p r i m a r i l y  concerned  with the deve lopment  
of t h e o r e t i c a l  e x p r e s s i o n s  for  the mix ing  s i m i l a r i t y  p a r a m e t e r s .  A gen-  
e r a l  m o m e n t u m  equat ion is der ived ,  which r e l a t e s  the s i m i l a r i t y  p a r a m -  
e t e r  to the mix ing  length  and v i scous  s h e a r  s t r e s s .  By us ing  th i s  g e n e r a l  
equation and Newton ' s  v i scous  s h e a r  r e l a t ion ,  a comple te  t h e o r e t i c a l  
solut ion for  the l a m i n a r  mixing s i m i l a r i t y  p a r a m e t e r  is der ived ,  which 
does not involve a r e f e r e n c e  pe r tu rba t ion  ve loc i ty  fac tor .  P r a n d t l ' s  m i x -  
ing length  t heo ry  for  the apparen t  v i scous  s h e a r  r e l a t i on  is used  to obtain 
the t h e o r e t i c a l  s i m i l a r i t y  p a r a m e t e r  for  tu rbu len t  mixing.  Based  on these  
s i m i l a r i t y  p a r a m e t e r s ,  equat ions for  the width of the co r r e spond ing  m i x -  
ing r eg ions  a r e  der ived .  These  r e s u l t s  and the approx ima te  t h e o r e t i c a l  
ve loc i ty  prof i le  equat ion developed by Pal ,  Nash,  and K o r s t  r e p r e s e n t  a 
c losed- fo rm t h e o r e t i c a l  approx imat ion  of the type of mix ing  cons idered .  

i i i  
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SECTION I 
INTRODUCTION 
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The type  of m i x i n g  c o n s i d e r e d  is  t w o - d i m e n s i o n a l ,  c o m p r e s s i b l e ,  
i s o b a r i c ,  and i s o e n e r g e t i c  wi thout  an i n i t i a l  b o u n d a r y  l a y e r .  The  
objec t  is  to def ine  t h e o r e t i c a l l y ,  in c l o sed  f o r m ,  the fo l lowing  c h a r a c t e r -  
i s t i c s  fo r  both  l a m i n a r  and t u r b u l e n t  mix ing :  

a. The  v e l o c i t y  p ro f i l e  
b. The  width  of the  m i x i n g  r e g i o n  

F o r  l a m i n a r  m ix ing ,  both of t h e s e  c h a r a c t e r i s t i c s  w e r e  n u m e r i c a l l y  
ob ta ined  fo r  s p e c i f i c  c a s e s  by C h a p m a n  (Ref. 1). An a p p r o x i m a t e  v e l o c i t y  
p ro f i l e  fo r  l a m i n a r  m i x i n g  was  ob ta ined  by N a s h  (Ref. 2), who u s e d  the  
s i m p l i f i e d  equa t ion  of mo t ion  of the  hea t  conduc t ion  f o r m ,  d e r i v e d  by P a l  
(Ref. 3). H o w e v e r ,  t h i s  equa t ion  con ta ins  an unknown r e f e r e n c e  p e r t u r b a -  
t ion  v e l o c i t y  f a c t o r  fo r  which  P a l  a s s u m e s  a va lue  of un i ty  and N a s h  a s s u m e s  
a va lue  of 2 .0 .  N a s h  v e r i f i e s  h i s  a s s u m p t i o n  by c o m p a r i n g  wi th  the  n u m e r i -  
cal  v a l u e s  ob ta ined  by Chapman .  F o r  t u r b u l e n t  m ix ing ,  K o r s t  (Ref. 4) a l s o  
r e d u c e d  the equa t ion  of mo t ion  by the m e t h o d  of s m a l l  p e r t u r b a t i o n s  to the  
hea t  conduc t ion  equa t ion  f o r m .  T h u s ,  the  v e l o c i t y  p ro f i l e  fo r  both l a m i n a r  
and t u r b u l e n t  m i x i n g  i s  a p p r o x i m a t e d  by the  equa t ion  

[,÷ o.,.] 
w h e r e  the  e r r o r  func t ion  

,1 
2 

2 f e - r /  d ~  erf 71 = (~) 
~o 

oY 
T/ = X 

The d i f f e r e n c e  be tween  l a m i n a r  and t u r b u l e n t  m i x i n g  i s  r e f l e c t e d  in the  
r e l a t i o n s h i p  for  the  s i m i l a r i t y  p a r a m e t e r ,  ~. F o r  t u r b u l e n t  m i x i n g ,  
e x p e r i m e n t  shows  o to be a func t ion  only of the  f r e e - s t r e a m  C r o c c o  n u m b e r  
s i n c e  the m i x i n g  zone width  v a r i e s  l i n e a r l y  wi th  the  m i x i n g  l eng th ,  X. F o r  
l a m i n a r  m i x i n g ,  P a g e  and Dixon (Ref. 5) deve loped  the  fo l lowing  e x p r e s s i o n  
for  a (which can  a l s o  be ob ta ined  by i n f e r e n c e  f r o m  N a s h ' s  work) :  

; Tto --- / 
w h e r e  a is  the  unknown r e f e r e n c e  p e r t u r b a t i o n  v e l o c i t y  f a c t o r .  T h u s ,  in 
g e n e r a l ,  the  s i m i l a r i t y  p a r a m e t e r ,  o,  is  a func t ion  of both  the f r e e - s t r e a m  
cond i t ions  and the  m i x i n g  l eng th ,  X. 

The  fo l lowing  is  a d e r i v a t i o n ,  which  y i e l d s  a c o m p l e t e  t h e o r e t i c a l  r e l a -  
t ion  for  the  l a m i n a r  m i x i n g  s i m i l a r i t y  p a r a m e t e r  and a s e m i - t h e o r e t i c a l  
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r e l a t i o n  fo r  the t u r b u l e n t  s i m i l a r i t y  p a r a m e t e r  b a s e d  on P r a n d t l ' s  m i x -  
ing l e n g t h  t heo ry .  

SECTION II 
BASIC EQUATIONS 

The  p u r p o s e  of th i s  a n a l y s i s  is to r e l a t e  the  m i x i n g  s i m i l a r i t y  p a r a m -  
e t e r ,  o,  to the  m i x i n g  l eng th ,  X, and the  v i s c o u s  s h e a r  s t r e s s ,  r, in a 
m a n n e r  that  is app l i cab le  to e i t h e r  l a m i n a r  or  t u r b u l e n t  mix ing .  Such a 
r e l a t i o n s h i p  can be d e r i v e d  by apply ing  the c o n s e r v a t i o n  of m o m e n t u m  con-  
d i t ion  to the con t ro l  v o l u m e  shown in  the  fo l lowing  f i gu re  of a g e n e r a l  m i x -  
ing zone.  

-] DIVIDING u~ :! 
~J STREAMLINE-~/ YM - I 
2 J 

CONTROL VOLUME --~ 
Fig.  1 General Mixing Zone 

The fo l lowing  a r e  a s s u m e d :  

. 

. 

Over  the  m i x i n g  zone  l eng th ,  X, c o n s i d e r e d ,  the  a v e r a g e  
angle  b e t w e e n  the  d iv id ing  s t r e a m l i n e  and the  m i x i n g  zone  
c e n t e r l i n e  is s m a l l  (< 20°). 

The  m i x i n g  is  t w o - d i m e n s i o n a l ,  i s o b a r i c ,  and i s o e n e r g e t i c  
with the  n o n - d i m e n s i o n a l  v e l o c i t y  p ro f i l e  i n d e p e n d e n t  of X. 

The  m o m e n t u m  equa t ion  fo r  th i s  con t ro l  v o l u m e  is 

By the  P e r f e c t  Gas l aw 

r D d X  = p u  2 d Y  
o ~ Y  

P 
RT 

P 
P,.Tt ( I - C.~ ~2 ) 

(1) 

2 
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w h e r e  
U = u 
oo 

Ca: = i T= 
Tt 

l e t  
Y 

w h e r e  

= s i m i l a r i t y  p a r a m e t e r  and is  a func t ion  of Ca and X. 
oo 

Subs t i tu t ing  into Eq. ( i)  y i e l d s  

/ r D dX = P z X 
" ' I - C . 2  ¢ o -~M 

(2)  

Let  

( I, )~TV S '~D 
~2 

- -  1 - c ° ~ ¢  d~ 
-T/M 

The  i n t e g r a l ,  13, has  b e e n  n u m e r i c a l l y  e v a l u a t e d  in Refs .  6 and 7 b a s e d  on 
the  n o n - d i m e n s i o n a l  a p p r o x i m a t e  v e l o c i t y  p ro f i l e  d i s c u s s e d  in Sec t ion  I. 
As a c o n s e q u e n c e  of a s s u m p t i o n  2, I3 is i n d e p e n d e n t  of X. T h e r e f o r e ,  the  
d e r i v a t i v e  of Eq. (2) with r e s p e c t  to X is 

[P  u 2 ( I s  )T/D 1' d (-dg2~') (3) 
rD -- ~ 7  "/ ax 

Equa t ion  (3) is  the  d e s i r e d  g e n e r a l  r e l a t i o n  ~ e t w e e n  the  v i s c o u s  s h e a r  
s t r e s s ,  r D , the m i x i n g  leng th ,  ~, and ' t he  s i m i l a r i t y  p a r a m e t e r ,  a .  E q u a -  
t ion  (3) a l so  e m b o d i e s  the  c o n s e r v a t i o n  of the X - d i r e c t i o n  m o m e n t u m  and 
m a s s  flow in the  t r a n s v e r s e  Y d i rec t ' ion  s i n c e  the  l o c a t i o n  of the  d iv id ing  
s t r e a m l i n e  is d e t e r m i n e d  by applying t h e s e  cond i t ions .  

2.1 LAMINAR MIXING 

The s i m i l a r i t y  p a r a m e t e r ,  a, for  l a m i n a r  m i x i n g  can be de r ived l  
f r o m  Eq. (3) in the  fo l lowing  m a n n e r .  F o r  l a m i n a r  m ix ing ,  the  v i s c o u s  
s h e a r  s t r e s s  is d e t e r m i n e d  by Newt 'on 's  r e l a t i o n  as fo l lows  

~" '~-du 
rD = /~D ~--/~-X'~-) D 

. 
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Since 

and 

t h e r e f o r e  

" 0-=-.)0-=) (-l-.+)C-=) 

dY X 

rD ffi uc~PD (X-- / d/-~V)D 

Subs t i tu t ing  Eq. (4) into Eq. (3) y i e l d s  

,,o - r , ' -  LRTt (Is)~7 D IX 

S e p a r a t i n g  the  v a r i a b l e s  and i n t e g r a t i n g  y i e l d s  

,+ ,r ,-- ,,](.=__)' PD ("-~)D X = T L aT, (I,)~ 
Solving fo r  a g ives  

(4) 

O. = LPuoo ([')~D X ~/a 

t: ; ,, "-, ;;  4o) <= 
The  width  (b) of a l a m i n a r  m i x i n g  zone  can  be d e t e r m i n e d  f r o m  the  de f in i t i on  
of ~ and Eq. (5) as fo l lows  s i n c e  

ab 
~M = 2~ 

Subs t i tu t ing  Eq. (5) fo r  a y i e l d s  

X b ffi 2n M -b- 

.2 RT t PD D 
b = 2~M p uoo (i ,)  D (6) 

Thus ,  for  g i v e n  f r e e - s t r e a m  cond i t i ons ,  the  width  of a l a m i n a r  m i x i n g  
zone  v a r i e s  l i n e a r l y  with X '/2. The  va lue  of ~ is d e t e r m i n e d  when  the  
l i m i t s  of the  m i x i n g  zone  a r e  def ined .  A m i x i n g  zone  is u sua l l y  de f ined  
to be that  r e g i o n  which  e x i s t s  b e t w e e n  ~M ffi ± 1.503, which  c o r r e s p o n d s  to 
v e l o c i t y  r a t i o s ,  ¢ , of 0 .9845  and 0. 0154 b a s e d  on the  a p p r o x i m a t e  v e l o c i t y  
p r o f i l e  equa t ion .  Th i s  de f in i t ion  is  b a s e d  on T o l l m i e n ' s  r e s u l t s  in Ref.  7. 

F r o m  Eq. (5), the  ~ o r d i n a t e  fo r  l a m i n a r  m i x i n g  is  

~ = ° Y = Y  de 
2 RT t [ ":"'- I 

~ °'I/D 

(7) 
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s i n c e  
POO RToo 

Subs t i tu t ing  into Eq. (7) y i e l d s  

21 (Is).r/D (l-C s'~n+lgl~ C uoo '~ - - : - ' = - ' - - I  cY~ 
.  o)j c ' , ,, ( 8 )  \ d~/D 

In Ref.  1 v e l o c i t y  p r o f i l e s  fo r  l a m i n a r  m i x i n g  a r e  p r e s e n t e d  as  a func t ion  

of v and a r e  shown fo r  v a r i o u s  f r e e - s t r e a m  M a c h  n u m b e r s  in the  

r a n g e  f r o m  0 to 5 .0 .  The  v e l o c i t y  p r o f i l e s  fo r  f r e e - s t r e a m  Mach  n u m b e r s  
of 0 and 5 .0  have  been  r e p l o t t e d  in  F ig .  2 as  a func t ion  of 17 (Eq. 8) u s i n g  

the c o m p r e s s i b l e  va lue  of (ls)~o f r o m  Ref.  8 and (~--~) e v a l u a t e d  f r o m  the 

a p p r o x i m a t e  m i x i n g  v e l o c i t y  p ro f i l e  a l so  p r e s e n t e d  in F ig .  2. 

2.0 

CHAPMAN, REF. 1 Moo., O ~  / 
(n - 0.75) Moo .. 5.0-~ 

APPROXIMATE VELOCITY~ \ // 10 ~-~ ~+,'~ ~/~" PROFILE. %\~' 

/ / /  -,.o / / /  

f /  7zl2 F 
' / '3 ,~D - ~o / .... 

• [2(d¢1~) D (1-Cao ocD ) J \vmX/  
J 

-2 .  0 I I I I I I I I I I I ] 
0 0.2 0.4 0.6 0.8 1.0 

¢ 

Fig. 2 Correlation of Laminar Mixing Velocity Profiles 

5 
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The  p a r a m e t e r s  w e r e  e v a l u a t e d  at the  d iv id ing  s t r e a m l i n e  l o c a t i o n  shown 
in Ref.  1 to c o r r e s p o n d  to  CD = 0.61 fo r  , = 0.76. F i g u r e  2 shows  tha t  
the  v e l o c i t y  p r o f i l e s  fo r  l a m i n a r  m i x i n g  a r e  c o r r e l a t e d  v e r y  we l l  by the 

v a r i a b l e  de f i ned  by Eq.  (8). The  d e v i a t i o n  of the e x a c t  v e l o c i t y  p r o f i l e  
fo r  M --- 5.0 f r o m  the  a p p r o x i m a t e  t h e o r e t i c a l  p ro f i l e  is  due to the fac t  
tha t ,  f o r  l a m i n a r  m i x i n g ,  the e x a c t  v e l o c i t y  p r o f i l e  is  a weak  f u n c t i o n  of 
the  f r e e - s t r e a m  Mach  n u m b e r .  Th i s  i s  a l s o  i n d i c a t e d  by the  i n v a r i a n c e  
of the  d iv id ing  s t r e a m l i n e  v e l o c i t y  r a t i o  wi th  f r e e - s t r e a m  Mach  n u m b e r .  

In Ref .  5 fo r  l a m i n a r  m ix ing ,  the  fo l lowing  r e l a t i o n  fo r  a i s  
p r e s e n t e d  

° = T\vo=-/ 
w h e r e  a is a r e f e r e n c e  p e r t u r b a t i o n  v e l o c i t y  f a c t o r .  
t ion  f o r  a can  be o b t a i n e d  f r o m  Eq.  (5) in the  fo l lowing  m a n n e r .  
can be w r i t t e n  as  fo l lows :  

. . . . . .  / ~  x \  y= 

d~ 1 C = = C 

(9) 

A t h e o r e t i c a l  r e l a -  

Eq. (5) 

(io) 

E q u a t i n g  Eqs .  (9) and (10) and  so lv ing  fo r  a y i e l d s  

"" ¢'~ (1 l) (d~)D ( ~ - C  ' 1" 

The  t h e o r e t i c a l  v a r i a t i o n  of a wi th  f r e e - s t r e a m  Mach  n u m b e r  is p r e s e n t e d  
in F ig .  3. The  p a r a m e t e r ,  a .  is shown in F ig .  3 to have  a v a l u e  of 2. 112 
fo r  Ca= = 0,  w h i c h  a g r e e s  with  the  v a l u e  of 2 .0  a s s u m e d  by N a s h  (Ref. 2). 
Howev~er, a i n c r e a s e s  in v a l u e  as  the  f r e e - s t r e a m  Mach  n u m b e r  i n c r e a s e s .  

12.0 

10.0 

8.0 

a 6.0 

4.0 

2 . 0  

0 

i 

l' -1.4 / -,, / / 

i i I I I I I I I I i I i , 
l.O 2.0 3.0 

Pig. 3 Theoretical Variation of the "Reference Perturbation Velocity Fac to r "  
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2.2 TURBULENT MIXING 

The  s i m i l a r i t y  p a r a m e t e r ,  o , f o r  t u r b u l e n t  m ix ing  can be d e r i v e d  f r o m  
Eq. (3) in the  fo l lowing  m a n n e r .  F o r  t u r b u l e n t  mix ing ,  the a p p a r e n t  
v i s c o u s  s h e a r  s t r e s s  can  be def ined by P r a n d t l ' s  m ix ing  l eng th  t h e o r y  

2 

rD = PD ~a d(_~_) D 

o r  a 
PD u~ ~a oa ( d ~  (12) 

f D 
D 

Since  the m i x i n g  l eng th ,  .~, is  l i n e a r l y  r e l a t e d  to the  e f f ec t ive  v o r t e x  s ize ,  
then  the fo l lowing  r e l a t i o n  fo r  ~ is  c o n s i s t e n t  with a s s u m p t i o n  (2). 

= k S  

whe r e 
k = non-dimensional unknown constant 

By def in i t ion  

o r  

ub 
~M - 2X 

• ". ~ = 27/Mk(X ) 

S ince  ~ v a r i e s  l i n e a r l y  with the  r a t i o ,  X/o (not X as  a s s u m e d  by 
T o l l m i e n  and o t h e r s ) ,  the e f fec t  of c o m p r e s s i b i l i t y  is  t aken  in to  accoun t  
and the cons t an t ,  k ,  wil l  be independen t  of the f r e e - s t r e a m  Mach n u m b e r .  
Subs t i tu t ing  in to  Eq. (12) y i e l d s  

r D = 4QM 2 k a PD u2 __X(d~ a 

p P 

,TD RT,(,-C..2*;) 
4T/M2 k" p u n  

oo 

• . r  D -- - 

Substituting Eq. (13) into Eq. (3) yields 

4T/; k a ~ d ~  a --(I, d (X) 
( 1 -  Ca~ ~bD a) ~dT// )T/D dX 

S e p a r a t i n g  the  v a r i a b l e s  and i n t e g r a t i n g  y i e l d s  

a = 

d r / / D  
(13) 

(14) 

7 
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T o l l m i e n  (l~ef. 7) e x p e r i m e n t a l l y  d e t e r m i n e d  a v a l u e  of 12 for  ~ f r o m  low 
s u b s o n i c ,  Ca~ = 0, t u r b u l e n t  m i x i n g  e x p e r i m e n t s .  B a s e d  on t h i s  r e s u l t  
and us ing  the  a p p r o x i m a t e  v e l o c i t y  p ro f i l e  and the t h e o r e t i c a l  d iv id ing  
s t r e a m l i n e  l o c a t i o n  f r o m  l:tef. 8, the  va lue  of the  cons t an t ,  k ,  in  Eq. (14) i s  
0. 06895 fo r  ~ = 1.503. Subs t i t u t i ng  t h e s e  v a l u e s  into Eq. (14) y i e l d s  

" =  ¢o.o42 s) (15) 

Ca = O ,  is The equa t ion  for  - r e l a t i v e  to the  i n c o m p r e s s i b l e  va lue ,  

c ~d~/v 

f 1' = 1.4 
2.0 i- 

°f 
! 

ro 

V ~ ~  ~ PRANDTL'$ MIXING LENGTH 
1.0 ~ " THEORY EQ. (16) 

( 1 6 )  

| I I I I I I I I I I I I I I I 
0 1.0 2.0 3.0 4.0 5.0 6.0 7.0 

M m 

Fig. 4 Compressibility Effect on the Similarity Parameter for Turbu|ent Mixing 

8.0 

In F ig .  4, Eq. (16) i s  g r a p h i c a l l y  c o m p a r e d  wi th  r e s u l t s  us ing  A b r a m o v i c h ' s  
m e t h o d  ( n u m e r i c a l l y  eva lua t ed  in Ref.  8). The l ack  of r e l i a b l e  e x p e r i m e n t a l  
da ta  on t h i s  s u b j e c t  p r e c l u d e s  any c o n c l u s i o n s  as  to the  v a l i d i t y  of Eq. (16) 
or  A b r a m o v i c h ' s  me thod .  Howe ve r ,  in Ref.  9, A b r a m o v i c h ' s  m e t h o d  i s  
i n d i r e c t l y  shown to be in g e n e r a l  a g r e e m e n t  wi th  e x p e r i m e n t .  
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The width,  b,  of a t u r b u l e n t  m i x i n g  zone  can  be d e r i v e d  in the  s a m e  
m a n n e r  as  for  the l a m i n a r  m i x i n g  case .  The  b a s i c  equa t ion  is 

Subs t i tu t ing  Eq. (15) into Eq. (17) y i e l d s  

(;'~Y x ( 0.0847 ) T/M \ d T//D 
b = (18) 

(Is)T/D ( l  - C%== ~D=) 

The  m i x i n g  zone  width b a s e d  on the usua l  de f in i t i on  of the  m i x i n g  
r e g i o n ,  r/M = 1.503, is  

(0.1273) ( d - ~  = X 
kd~/D b =  

(I ,~D (1 - C , ,  * ; )  
( 1 9 )  

Thus ,  fo r  g iven  f r e e - s t r e a m  cond i t ions ,  the  width of a t u r b u l e n t  m i x -  
ing zone  v a r i e s  l i n e a r l y  with X. The  7/ o r d i n a t e  fo r  t u r b u l e n t  m i x i n g  is  

~/ = 
(,.% ( , - c .  ' ~ ' )  
( 0.04235 ) (a- ~ '~= kdr] JD 

SECTION III 
CONCLUSIONS 

The  v e l o c i t y  p ro f i l e  for  l a m i n a r  or  t u r b u l e n t  t w o - d i m e n s i o n a l  m i x i n g  
is a p p r o x i m a t e d  v e r y  wel l  by the  equa t ion  

= - ~ [ 1  + err r/] 

w h e r e  
uY 

7/ - X 

Within the  f r a m e w o r k  of the  a s s u m p t i o n s  of t h i s  a n a l y s i s ,  the  s i m i l a r i t y  
p a r a m e t e r ,  o., for  l a m i n a r  m i x i n g  is 

(1- c.,'r +1 I x 

(21) 

(22) 
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The l o c a t i o n  of the  d iv id ing  s t r e a m l i n e  fo r  l a m i n a r  m i x i n g  has  been  
t h e o r e t i c a l l y  d e t e r m i n e d  by C h a p m a n  and is  i ndependen t  of f r e e - s t r e a m  
v e l o c i t y .  T h u s ,  the  l a m i n a r  m i x i n g  p r o b l e m  is  t h e o r e t i c a l l y  def ined ,  in  
c l o sed  f o r m ,  by Eqs .  (21) and (22) and C h a p m a n ' s  r e s u l t s  wi thout  the  
need  of a r e f e r e n c e  p e r t u r b a t i o n  v e l o c i t y  f a c t o r ,  =. 

The  s i m i l a r i t y  p a r a m e t e r  fo r  t u r b u l e n t  m i x i n g  b a s e d  on P r a n d t l ' s  
m i x i n g  l e n g t h  t h e o r y  is  

(, - 

" = (23) 
(0 .04235)  

\ dT1/v 

The n u m e r i c a l  c o n s t a n t  was d e t e r m i n e d  f r o m  the e x p e r i m e n t a l  r e s u l t s  
ob ta ined  by TolZmien.  Howeve r ,  t h i s  cons t an t  is  i n d e p e n d e n t  of the  de f i n i -  
t ion  of the  m i x i n g  r e g i o n  and, b a s e d  on the  a g r e e m e n t  wi th  A b r a m o v i c h ' s  
me thod ,  a l so  i n d e p e n d e n t  of the  f r e e - s t r e a m  v e l o c i t y .  T h e s e  r e s u l t s  con-  
f i r m  the  a p p l i c a b i l i t y  of P r a n d t l ' s  m i x i n g  t h e o r y  to t h i s  type  of c o m p r e s -  
s i b l e  m i x i n g .  

The  s i m i l a r i t y  p a r a m e t e r s  for  both l a m i n a r  and t u r b u l e n t  m i x i n g  
w e r e  d e r i v e d  f r o m  a s i ng l e  d i f f e r e n t i a l  equa t ion ,  which  r e l a t e s  o to the  
m i x i n g  l eng th ,  X, and the  v i s c o u s  s h e a r  s t r e s s  on the d iv id ing  s t r e a m l i n e ,  
~D • T h i s  equa t ion  i s  

p ,,~ C I,~ D ] d ( o x--) (24) 
rD = RT t _] d X 

Although  t h i s  i s  an a n a l y s i s  of a r e l a t i v e l y  s i m p l e  m i x i n g  zone,  the  
a p p r o a c h  can be app l i ed  to m o r e  c o m p l e x  m i x i n g  p r o c e s s e s  s u c h  as  two-  
d i m e n s i o n a l  or  a x i s y m m e t r i c ,  n o n - i s o e n e r g e t i c  m i x i n g  wi th  or  wi thout  a 
s e c o n d a r y  s t r e a m .  
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